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Introduction

Background

Semi-Markov decision processes

have
» real-time behaviour,

» probabilistic behaviour, and
» non-deterministic behaviour.
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Background

Semi-Markov decision processes
have

» real-time behaviour,

» probabilistic behaviour, and

» non-deterministic behaviour.
They have been used to model

» power plants,

» transportation infrastructure,

» revenue management
systems,

» bridge maintenance,
» and more.
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Introduction

Semi-Markov decision processes

A Semi-Markov decision process is given by

>
>
>
>

S a countable set of states,

7: S x A— D(S) the transition function,

p: S — D(Rxg) the residence-time function, and
L : S — 24 the labelling function.
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e ction .

Definition
Arelation R C S x Sis a simulation relation if for all (s1,s2) € R

» L(s1) = L(s2),
> Fs (1) < Fg,(t) forall t € R>p, and
» for all a € Athere exists a coupling A;: S x S — [0, 1] between
7(s1,a) and 7(sp, a) such that
» Ay(s,s’) > 0implies (s,5') € R,
> 7(51,8)(8) = D gcsAa(s,8') foralls € S, and
> 7(S2,8)(8') = > scsa(s,s') forall s’ € S.

S1 < S» — S simulates sy
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Introduction

Simulation (alternative) %

Definition (alternative)

Arelation R C S x Sis a simulation relation if for all (s1,s2) € R
» L(51) = L(s2),
> Fs (1) < Fg,(t) forall t € R>p, and
» forallac Aand C C S, 7(s1,a)(C) < 7(sz2,a)(R(C)).

R(C) upward closure of C.
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Jou and Smolka '90': Pseudometrics rather than equivalences

'Chi-Chang Jou and Scott A. Smolka: Equivalences, congruences, and complete
axiomatizations for probabilistic processes, CONCUR 1990
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Quantitative behavioural relations
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Jou and Smolka '90': Pseudometrics rather than equivalences

Now: Hemimetrics rather than preorders

'Chi-Chang Jou and Scott A. Smolka: Equivalences, congruences, and complete
axiomatizations for probabilistic processes, CONCUR 1990
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Definition
Arelation R C S x Sis a simulation relation if for all (s1,s2) € R

» L(51) = L(s2),
> Fs (1) < Fg,(t) forall t € R>p, and
» for all a € A there exists a coupling A;: S x S — [0, 1] between
7(s1,a) and 7(sp, a) such that
» Ay(s,s’) > 0implies (s,5') € R,
> 7(51,8)(8) = D gcsAa(s,8') foralls € S, and
> 7(S2,8)(8') = > scsa(s,s') forall s’ € S.

We focus on the real-time behaviour of systems.
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Hemimetric

A distance on CDFs

Fo C Fy iff Fi(t) < Fo(t) for all t —usual stochastic order
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Fo C Fy iff Fi(t) < Fo(t) for all t —usual stochastic order

Fo C. Fyiff Fi(t) < Fa(e - t) for all t — e-faster than
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Hemimetric

e-simulation
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Definition
Arelation R C S x Sis a simulation relation if for all (s1,s2) € R
» L(51) = L(s2),
> Fs (1) < Fg,(t) forall t € R>p, and
» for all a € A there exists a coupling A;: S x S — [0, 1] between
7(s1,a) and 7(sp, a) such that
» Ay(s,s’) > 0implies (s,5') € R,
> 7(51,8)(8) = D gcsAa(s,8') foralls € S, and
> 7(S2,8)(8') = > scsa(s,s') forall s’ € S.

S1 < S» — Sp -simulates sy



M. R. Pedersen, G. Bacci, K. G. Larsen, and R. Mardare | A Hemimetric Extension of Simulation for Semi-Markov Decision Processes

Hemimetric

e-simulation
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Definition
Arelation R C S x Sis a e-simulation relation if for all (sy,s2) € R
» L(s1) = L(s2),
» Fs, T Fs, forall t € R>p, and
» for all a € Athere exists a coupling A;: S x S — [0, 1] between
7(s1, a) and 7(sz, a) such that
» Ay(s,s’) > 0implies (s,8') € R,
> 7(51,8)(8) = D gcsAa(s,8') foralls € S, and
> 7(S2,8)(8') = > scsa(s,s') forall s’ € S.

S1 <. S» — Sp e-simulates sy
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Hemimetric

Distance

d(s1,s2) =inf{e > 1|51 <. s}
» d(s1,82) =1iff 5y < s0.
» log d(sy, s2) is @ hemimetric.
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» = is an acceleration factor.

v

s1 <. S» means that s, simulates sy if we accelerate the real-time
behaviour of s, by a factor .

» d(s1, s) is the infimum over such acceleration factors.
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Computing the distance
Definitions

&
»
7

c(F,G)=inf{e >1]| FLC. G}
Note: We have closed-form solutions for ¢(F, G) when F and G are
Dirac, exponential, or uniform

C(M) ={c(Fs,Fs)|s,s €S}

w‘ﬂ“ GR, %

.

“ore uu\“
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Computing the distance § ((‘

The idea
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Lemma
Let M be a finite SMDP If d(sy, s2) # oo, then

» Sy =¢ S for some ¢ € C(M) and
» d(s1,82) =min{c € C(M) | sy =¢ S2}.

The lemma tells us:
» If there is no ¢ € C(M) such that sy <. sz, then d(s1, $2) = o
» If 51 <¢ so for some ¢ € C(M), then

d(s1,82) = min{c € C(M) | s <¢ Sz}
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Computing the distance

The idea

@
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Lemma
Let M be a finite SMDP If d(sy, s2) # oo, then

» Sy =¢ S for some ¢ € C(M) and
» d(s1,82) =min{c € C(M) | sy =¢ S2}.

The lemma tells us:
» If there is no ¢ € C(M) such that sy <. sz, then d(s1, $2) = occ.
» If 51 <¢ so for some ¢ € C(M), then

d(s1,82) = min{c € C(M) | s <¢ Sz}

We need to be able to decide whether s; <. s».
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Deciding e-similarity

an ,,,.NV—

We adapt the algorithm from Baier et al.? for deciding similarity.

Theorem
For finite SMDPs, we can decide whether sy <. s in time
O(rP(f(I) + k) + (mn”)/ log n), where

» n =S| is the number of states,

» m = |A| is the number of actions,

» k = |AP| is the number of atomic propositions, and

» f(/) is the complexity of computing c(F, G).
Note: f(/) is constant when considering Dirac, exponential, and
uniform distributions.

2Christel Baier, Bettina Engelen, and Mila E. Majster-Cederbaum: Deciding
Bisimilarity and Similarity for Probabilistic Processes, J. Comput. Syst. Sci. 2000
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Computing the distance 4 ((( A

Algorithm
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We can now use a bisection method to search through ¢ € C(M) and
check whether sy <; s».

Order the elements of C(M) \ {cc} suchthatci < co < -+ < Cp;
if s1 <¢, s2 then return ¢y ;
else if sy A, s then return oo ;
else
1,7+ n
while j < j do
2]
if sy 2g_, S2then j« j—h;
9 else i+ i+h;
10 end
11 return ¢;;
12 lend

O O A WON =

~

©
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Computing the distance § ((‘

Complexity
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Since the bisection method halves the number of remaining elements
in each step, it iterates at most log n times.

Theorem
The simulation distance can be computed in time
O(rP(f(l) + k) + mn”).
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Compositionality : ((‘

Composing SMDPs
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Definition
My ||« M2 is given by
S=58 x5S,

vV v vvY
—~~
—
»

%]

N

~

QD
~
—~
—
_‘(l)\
NU)\
~
~

* is a function for composing real-time behaviour.
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Compositionality

Composing SMDPs
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Definition
My ||« M2 is given by
S=5; xS,

r((s1. 52), Q)((8}. 55))
p((s1, 82)) = *(p(s1),
L((s1,582)) = L(s1) U

= 71(51, @)(S}) - 72(S2, @)(Sh),
n(s2)), and
L(sz).

vV v . vvY

* is a function for composing real-time behaviour.
» Maximum composition: F,(, .)(t) = max(F.(t), F.(t)).
» Product rate composition: F,,, ,(t) = Exp[0 - 0'] (t).
» Minimum rate composition: F,,.(t) = Exp[min(6,6")] (t).
» Maximum rate composition: F,(, () = Exp[max(6,6")] (t).
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Compositionality )
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Non-expansiveness 2 ((‘ &
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Definition

= is monotonicif F,, C. F, implies F,, ) C. F..0)-

Theorem
For finite SMDPs and monotonic x,

d(s1,82) <e implies d(s1 |+ S3,52|+S3) <e
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TML:  o,¢ s=a|-a|lpt | mpt| Lo | Mip | oAy [ @V
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Logic @,

Timed Markovian Logic

% ,,,.\uf—

TML: @, ¢" i=a|nallpt | mpt | Lo | Mgo | oA | oV
Sk o iff «elL(s) S = lpt iff Fs(f)>p
Sk« iff «a¢L(s) SE mp iff  Fs(t)<p
sEene it sEpandsiy sklse it r(sa)(e]) > p
SEeVY iff sEporskE¢  sEMp iff 7(s,a)([e]) <p
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Logic @,

Timed Markovian Logic

“ore uu\“

TML: @, ¢" i=a|nallpt | mpt | Lo | Mgo | oA | oV
Sk o iff «elL(s) S = lpt iff Fs(f)>p
Sk« iff «a¢L(s) SE mp iff  Fs(t)<p
skeng it skeandsky skLip i (sa)(le]) 2 p
sEeVy iff sEgorskEy  sEMp iff (s a)([e]) <p

TML” : gu=al-a|lpt|L3p|one oV

TMLS : pu=al-a|mpt | Mip [N | oV
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(¢). is defined inductively as

(a): = a (Lpt)e = Lpe -
(*\(})r = (mpt): = mpf t
(eA@)e=(p)e N(¥)e (L5p)e = Li(9)e
(P Ve =(p)eVI(¢)e (ME#Q)E = MS(‘P)E
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Logical characterisation
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Theorem
For finite SMDPs the following holds.

> d(s1,82) <eifandonly ifVp € TMLZ .81 = ¢ = S = ()..
> d(sy,82) <cifandonly ifVp € TMLS.8; = o = 81 = ().

n
@
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Theorem
For finite SMDPs the following holds.

> d(s1,82) <eifandonly ifVp € TMLZ .81 = ¢ = S = ()..
> d(sy,82) <cifandonly ifVp € TMLS.8; = o = 81 = ().

Corollary
For finite SMDPs we have

sy~ Sy ifandonly ifVp € TML.S1 = ¢ < So =



Conclusion
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» We have introduced a quantitative e-simulation relation for
SMDPs based on the usual stochastic order.

» c-simulation induces a (multiplicative) hemimetric.

» The hemimetric is computable — polynomial time for Dirac,
exponential, and uniform distributions.

» Parallel composition is non-expansive w.r.t. the hemimetric.

» The distance is characterised by a timed extension of Markovian
logic.
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Open Problems
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» What about infinite systems?
» Computing ¢(F, G) =inf{e > 1| F C. G} for composition.

» E.g. uniform distributions are not closed under composition.
» Topological properties of the hemimetric?
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Conclusion

Question

) and 7(sp, @) such that

» Simulation: for all a € A there exists a coupling
Ag: Sx S —[0,1] between 7(sq, a T
» Ny(s,s') > 0implies (s,8') € R
> 7(s1,8)(8) = D gcgla(s, ') forall s € S, and
> 7(52,8)(8') = > scgAa(s,8) forall s’ € S.
» Simulation (alternative): forallac Aand C C S

7(s1,a)(C) < 7(s2, a)(R(C))
The two definitions are equivalent for finite SMDPs3

SLijun Zhang: Decision algorithms for probabilistic simulations, PhD thesis

Saarland University 2009
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» Simulation: for all a € A there exists a coupling
Ag: Sx S —[0,1] between 7(sq, a) and 7(s», a) such that
» Ay(s,s’) > 0implies (s,5') € R,
7(81,8)(8) = D_gcsa(s, ') forall s € S, and
7(82,8)(8') = D gegAa(s,s) forall s’ € S.
» Simulation (alternative): forallac Aand C C S,
7(s1,a)(C) < 7(s2,a)(R(C)).

The two definitions are equivalent for finite SMDPs®.

vy

Question: What about infinite SMDPs?

SLijun Zhang: Decision algorithms for probabilistic simulations, PhD thesis,
Saarland University 2009
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